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Abstract—Probabilistic response of shear beams with stochastic flexibility, and subjected to deter-
ministic static loads is studied in this paper. The differential equations governing the probabilistic
responses, as well as the variational principles for the probabilistic responses are formulated appar-
ently for the first time. New exact solutions are also derived for specific cases. Stochastic versions
of Galerkin and Rayleigh-Ritz method are then applied to obtain approximate solutions when
exact solution is unfeasible to derive. Both the exact and the approximate solutions possess a unique
characteristic : they are applicable to any value of the coefficient of variation. Previous investigations
were unable to capture this remarkable characteristic. © 1998 Elsevier Science Ltd. All rights
reserved.

1. INTRODUCTION

Random vibration of shear beams was studied by Masri and Udwadia (1977), Faccioli
(1979), Gasparini et al. (1981) and Hrwniewicz and Esat (1995). More general case of the
Timoshenko beam under random dynamic excitation was studied in recent decade by
Elishakoff and Livshits (1989), Singh and Abdelnasser (1992) and Chang (1994). For other
relevant works for shear beams one can consult with papers by Tanahashi (1994), Ikeda
and Murota (1996) and Won et al. (1996).

Inhomogeneity property is ever present in civil engineering problems. Inhomogeneous
shear beam has been dealt with by Gazetas (1981) and others. Probabilistic setting was
provided by Gasparini et a/. (1981). Stochasticity of inhomogeneous properties has been
introduced, although in a static setting, in the present study. This paper is a companion to
two previous studies on exact solutions of beams with stochastic properties (Elishakoff ez
al., 1995, 1997). We formulate the differential equation that governs the mean displacement,
as well as the differential equation obeyed by the covariance function of the displacement
response. Then we develop the variational principles for the probabilistic responses, result-
ing in those differential equations. Some closed form solutions are derived. For the cases
when the exact solution is presently unobtainable, the stochastic version of the Galerkin
method is applied to the differential equations for the mean displacement and the covariance
function. In addition, the stochastic version of the Rayleigh—Ritz method is formulated in
conjunction with the uncovered variational principles.

The remarkable feature of the suggested derivation lies in the fact that the present
methods are applicable not only to small variations of the stochastic inhomogeneities.
Contrary to almost all previous studies, the results are valid for any coefficient of variation.
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2. EXACT SOLUTION

The behavior of the shear beam with spatially stochastic shear flexibility

k
fo) =2 M

subject to deterministic load ¢(x) is governed by the following differential equation

o et

d[ 1 dwx)
|:f(x) dx
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where w(x) = the transverse displacement ; f{x) = shear flexibility, assumed to be a spatial
random field ; G(x) = modulus of elasticity in shear; 4(x) = cross-sectional area of the
beam; and & = a numerical factor (or shear coefficient). Note that if the cross sectional
area and its form are functions of x, then k may change accordingly. Therefore, in general,
k can be treated as a deterministic function of x. Upon integration of eqn (2) and mul-
tiplication by f{x), we get:

dw(x)
= v 3)
where
V(x) = j 400 dx+ V, @
(4]

is the shear force, and ¥V} is a constant of integration representing the shear force at x = 0.
Hereinafter we assume that the beam is statically determinate. By taking the mathematical
expectation of eqn (3), the governing equation for the mean displacement w(x) is obtained

d i
=~V )

where f(x) = E[f(x)] is the mean flexibility. Dividing eqn (5) by f(x) and then differentiating
it, an alternative form of governing equation for the mean displacement w(x) is obtained

A7 1 dix)
a[j—@ o ]: —q(x) (6)
where
dVv
g = @

Note that governing eqns (5) and (6) are identical in their forms to those of the beam
with equivalent deterministic shear flexibility f(x). Subtracting eqn (5) from eqn (3) and
multiplying the resulting equation by analogous expression evaluated at the argument y,
we get

ORIy vy Twm —fon @

Taking the expectation leads to:
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TELD _ yovcen ©
where
C.(x.3) = E{w () m()[w() — 7]} (10
and
C/(x.9) = E{LA) —FILAR) 0] (an

are the covariance functions of displacements and flexibility, respectively. Dividing eqn (9)
by C{x,y) and partially differentiating the result with respect to x and y, an alternative
form of the governing equation for covariance function C,(x, y) is obtained

0? 1 FE Cw(x, y)
Ox Oy [Cf(x, y)  0xdy } = q(x)q(») (12)

Let us consider a shear beam clamped at x = 0 and free at x = L. The boundary conditions
for the mean displacement w(x) read

w(0) = 0; (13a)
I dw(L
D= e (130)

where Q, = V(L) is the value of the concentrated vertical force at x = L. The boundary
conditions for the covariance are at x = 0 and x = L read, respectively,

C.(0,y) = E{[w(0) —w(0)][w(y)—w(»)]} =0 (14a)
0*C,(L,y)
Taxdy Q. V(¥)CAL, y) (14b)

Similarly at y = 0 and y = L the boundary conditions read

Co(x,00=0 (15a)

0*C.(x,L)

axdy OV () Cylx, L) (15b)

Solution of eqn (9) is composed of a complementary solution ¥(x, y) and a particular
solution ¢(x, y). The complementary solution can be written as follows :

Y(x.y) = h(x)+9(») (16)

where hA(x) and g(y) are arbitrary functions of their respective arguments. Boundary
conditions in explicit form become

C(x,0) = h(x) +9(0) + ¢(x,0) = 0
Co(0,y) = H(O0)+g(N+¢(0,») =0 (7

Hence,
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h(x) = —p(x,0)—g(0)
g9(y) = —¢(0,y) —h(0) (18)

Substituting x = 0 into eqn (18) we obtain
h(0)+g(0) = —¢(0,0) (19)
Thus we arrive at the following expression for the covariance function

Cu(x,¥) = ¢(x, ) — d(x,0) — $(0, ») + $(0,0) (20)
It is remarkable that this general expression depends upon particular solution ¢(x, y) only.

2.1. Applications
Consider some examples. Let us specify the loading and stochastic flexibility as follows

400 = g0; J) =fos Clx) = JT) (1— ') @1

The shear force has an expression
V(x) = qo(x—L) (22)

Introducing non-dimensional coordinates

_r .27
¢ = on=7 (23)
we rewrite the mean displacement as follows
_ 2 ¢
#(E) = qufeL?¢ (1- (24)

Substituting eqn (22) in eqn (9), the particular solution ¢(x, y) can be obtained by splitting
the integration domain into two parts: one in which x > y and the other with x < y:

¥

P(x,y) = J}’ J‘v V() V(v)Cy(u, v) dv du+ J

0

r V) V(w)Ci(u,v)dvdu; forxz=y
(25)

The particular solution for x < y can be obtained by formal replacement of x by y and y
by x, owing to symmetry in x and y. For this case the covariance function coincides with
the particular solution in eqn (25) and reads, for & =2 5

2 3 2 2.,,2 4
o) = 3L (6 £y 5+~5~——5”—"~— e +——1> 26)

i 76 3 37T 6 tT3ITTs

For a triangularly distributed load
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q(x) = %x @7
we get
_ q1 52
W) =S fl*¢ (1 - ?) (28)

2 2 3 4 3 2 5
Cw(é,n)=%f%L4n(é—%—%+%+%_%—”_%_%

& Ont Ot o O’ Mt nf
e T T2 Ta +¥_4_2) 29)

In the cases when governing equation for the mean displacement w(x) and the covariance
function C,(x, y) cannot lend themselves to the exact solution, the approximate methods
must be applied. The application of the Galerkin method is demonstrated as follows.

3. STOCHASTIC VERSION OF THE GALERKIN METHOD

For problems incapable of exact solutions we approximate the beam’s mean dis-
placement by the expression :

W(x) = do(x) +ATD(x) (30

Likewise, we approximate the true covariance function by the following expression

Cu(x,) = ¢3(x, ) +B"¥(x) ® ¥(») (31

In eqns (30) and (31) A and B are constant vectors to be determined ; ¢o(x) and ¢¥(x, y)
are particular functions satisfying non-homogeneous boundary conditions (13a) and (14a)-
(15a) for w(x) and C,(x,y), respectively; the components ¢,(x) of the vector ®(x) are
comparison functions satisfying homogeneous boundary condition (13a) for the mean
displacement ; the components of the vector ¥(x) ® ¥(y) are comparison functions satisfy-
ing homogeneous boundary conditions (14a) and (15a) for the covariance of the dis-
placement ; the symbol ® is the Kronecker product. If a = {4} and b = {b;} are vectors
with p and g components, respectively, a ® b is a vector with p x g components :

(a®b)T = [ale asz s ap_le apr]
=[a\b, a\b, - a\b, azb, ayb, - ab, - aby ab, - ab,_, ab] (32)

If we choose N comparison functions ¢,(x) and M functions y,(x), eqns (30)—~(31) can be
rewritten as follows:

P = o)+ Y. 4,0, (33)

Colx,y) = o3(x, p)+ ; B;pf(x,y) (34)

where M* = M?, ¢¥(x, y) are the components of the vector
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D*(x,p) = ¥(x) @ ¥(») (3%
and A;, B, are the components of the vectors A and B. Weighted residual formulas for the

mean displacement w(x) governed by eqn (5) and for the covariance function C,(x, y)
governed by eqn (9) read

JL [dvzix) +/(x) V(x)] ¢ ()dx=0 (i=1,2,...,N) (36)

0

L (L 2
| [[552 -varmcmn |senassr =0 G=12..0) 67

Substitution of eqns (33) and (34) in eqns (36) and (37) yields

_2 KP4, =FY (i=12,...,N) (38)
f SVB, =G (i=1,2,...,M* (39)
where :
Ky = r @i(x)i(x) dx (40)
FiV = — J L¢a(x)¢,-(x) dx— J Lf(x) V(x)¢:(x)dx (41)
0 0
Sy = f f ¢F (x, y)PH(x, y) dx dy 42)

GV =J J OF (X, ) x, ) dxdy+J J Cx, NV () V(y)pXx,y)dxdy (43)

0 JO 0 JO

Once the sets of eqns (38) and (39) are solved, the coefficient 4; and B, respectively,
denoted as 4{" and B{", must be substituted into eqns (33) and (34) to arrive at the final
expressions of the mean displacement and the covariance function, respectively.

Alternatively, the Galerkin method can be formulated using eqns (6) and (12), instead
of eqns (5) and (9). In this case the functions ¢,(x) and ¢F(x, ), ¢,(x) and ¢Xx,y) are
required to satisfy all boundary conditions, non-homogeneous and homogeneous ones,
respectively. Weighted residual formulas read

J ’ {i[ : dw(x)}+q(x)}¢,-(x)dx=0 (i=12,...,N) (44)

o dxf(?) dx

LfL( o 1 *Cu(x, ) . _ . .
| [ 5| aa " as 2 |Fawanorenasy =0 a=12....

(45)

Substitution of eqns (33) and (34) into eqns (44) and (45) yields two sets of linear algebraic
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equations formally similar to eqns (38) and (39), provided that the expressions in the
equations are now supplemented by the superscript (2), as opposed to the superscript (1)
in the former formulation

K = j bix )dx[f( T )] (46)
L d| 1 L
FY = —J; C e l:j-f(—x; ¢6(x)j|dx~£) g(x)¢:(x) dx “7n
SO — - L¢*(x ) ——— o ! ———$* (x,») |dxd (48)
o=, Y axay Cf(xy) i 0 Y Y

1 L L
Cix, )¢0xy(x ,¥) dxdy+j L q(x)q(»)d¥(x,y) dxdy

G = - J Jq&( D orgs

(49)

The question arises whether the use of the identical comparison functions to the
two different, alternative forms of the different equations for the specified probabilistic
characteristics will yield the same answer. Specifically, the question is if the use of identical
comparison functions to eqns (5) and (6) for the mean displacement, or to eqns (9) and
(12) for the covariance will result in the same result. The reply to this question is negative.
This implies that in general case 4" # 4% and BV # B{». However, one can show that
utilization of the Galerkin method to eqns (6) and (12), and of the Petrov—Galerkin method
to eqns (5) and (9), can lend to coinciding results. Indeed, using approximation (33) for
w(x) and (34) for C,(x,y) for evaluating the residuals but the different orthogonalizing
functions, namely, ¢, (x)/f(x) and ¢F,(x,y)/C/(x,y) we obtain the following weight
residual formulas for the Petrov—Galerkin method

J [dw(x) TV )]d%(;c) x=0 (i=1,2...,N) (50)

L (L 02Cw(x,y) ¢:’fxy(x9y) _ P £3
L J; [W—V(x)V(y)C,(x,y)]mdxdy—0 i=12,....M% (51)

where ¢, = 0¢,/0x, ¢p¥,0°¢ = 0°p}/0xdy. The proof is straightforward and is obtained
through integration by part of the left side of eqns (44) and (45).

3.1. Applications

Let us consider cases of either constant or triangularly distributed loads applied to the
shear beam with stochastic flexibility specified in eqn (21). We use eqns (33) and (34) with
a single term approximation, N = M = 1, and solve eqns (38) and (39). As comparison
function the exact displacement of the corresponding deterministic beam is selected. Since
the differential equation for the mean displacement coincides in its form with its counterpart
for the deterministic beam it is of no surprise that we hit the exact solution.

Let us now discuss the evaluation of the displacement covariance function. When the
load is constant we have
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$o() = BFE =0 61D = 1O = qufoL (1 - g) (52

and

Colé, 1) = 25 Gf 3L (=24 E)(—2+7) (53)

For a triangular load

$o(0) = $3EM =05 HO) =, O =% oLzz(l-—%—) (54)
with attendant covariance function reading
CulGn) = 503 L En(=3+E)(=3+1%) (55)

For comparison between exact covariance functions C,(&, #) derived in Section 2 and their
approximations given by eqns (53) and (55) we have chosen to compute the variances
portrayed in Figs 1 and 2. As is seen, a single-term approximation turns out to be excellent.

When the displacement of the corresponding deterministic solution is not available or
is cumbersome, trigonometric functions can be chosen as comparison functions. To verify
the convergence of the method we have studied the stepped beam with cross-sectional area
A2 for 0 < x < L/2, and equal A for L/2 < x < L. The probability characteristics of
flexibility are given by

0.175
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Fig. 1. Displacement variance for cantilever beam subjected to uniformly distributed load, nor-
malized by gif2L*: (a) exact solution ; (b) Galerkin method.
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Fig. 2. Displacement variance for cantilever beam subjected to triangularly distributed load, nor-
malized by g3f2L* : (a) exact solution ; (b) Galerkin method.
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Fig. 3. Covariance function of the flexibility for the stepped beam.

Jx)=fo for0O<x<Lp2
f(xX)=f/2 forL2<x<L

CAx,y) = fx) /() <1 —~ @) (56)

The load is fixed at ¢, The covariance of flexibility is depicted in Fig. 3. The generic
comparison function reads

2i—1
8 =(® = aorsin| EPE | =1 v = 7
while
(&) =98 m =0 (58)
Solving eqns (38) and (39), for N = M = 1 results in
w(&) = 0.3563q.f, L sin <EZ§) (59)
C.. (&, 1) = 0.09702f3 L sin (%) sin <”—2") (60)
whereas for N = M = 2 the results read
W(&) = gofoL? [0.4735 sin (%5)4—0.0391 sin (%)] 61)
02 va . (mE\  (mn . (3nl\ .
C.(&,n) =q5fsL {0.1915 sin (7) sin <?>+0.0197 [sm (—2—) sin ( )

i
2
+sin <%é> sin <3¥>} +0.0026 sin (ég% sin (32ﬂ>} (62)

For N = M = 3 the approximate responses read
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0.4 E[w(x)) =
,/ L - -
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Fig. 4. Mean displacement for stepped beam, subjected to uniformly distributed load, obtained by
the Galerkin method, normalized by gofoL*: (@) N=1, b)) N=2; ) N=3;(d) N=4;N=35
and N = 6.

x/L

0.2 0.4 0.6 0.8 1

Fig. 5. Displacement variance for stepped beam, subjected to uniformly distributed load, obtained
by the Galerkin method, normalized by g3f3L*: (a) M =1, (b) M =2; (c) M =3; (d) M = 4;
M =35and M = 6.

W(E) = gofol? [0.4828 sin (fzé) +0.0437 sin (32i5> +0.0027 sin (%5)] (63)

C.(&n) = qifil’ {0.1938 sin (’—?) sin (5;>+0.0213 [sin (3—’2‘5> sin <”—2'7)
+sin (?) sin <%§>]+ 0.0006 [sin (5—26) sin (%’1) +sin (5—7;7) sin (n—;):l
+0.0037 sin (E;[—é) sin <§¥)+ 0.0004 [sin <§g—§) sin (3—;—”)
+sin (%) sin (%)]w.oom (5;“:) sin <¥)} (64)

Results were also calculated for larger value of N and M. The obtained mean and variance
functions for the displacement are plotted in Figs 4 and 5 for different values of N and M.
We can clearly see that values of N and M equal or larger than three result in virtually
identical curves.

4. STOCHASTIC VARIATIONAL PRINCIPLES

The variational principle for the mean displacement w(x) corresponding to eqn (6)
consists in the requirement that the following functional takes a stationary value:
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L1 fdw(x)\? £
n =] g5 (a) o || wmerass o ©

The variational principle for the covariance function C,(x,y) corresponding to eqn (12)
consists in the requirement the following functional takes a stationary value:

o ?C,(x, )Y
II, = dxd
2 L L 2C,(x,y)< ox dy ) e
L

- J J g(x)g(»)C,(x,y)dxdy+ J 0,.C.(L,y)q(y)dy

0 JO 0

+ r 0.C,(x,L)q(x)dx—Q:C,(L,L) (66)

0

One can check by using the Lagrange—Euler equations that eqns (6) and (12) follow from
eqns (65) and (66), respectively. Variational principles allow one to develop an associated
Rayleigh-Ritz method, and the finite element technique. In the former the trial functions
are required to satisfy only the kinematic boundary conditions. Hence, the mean and
covariance function of the displacement can be expressed as follows

) = ¥ 400 67
Culey) = X BXf() (68)

The functions % (x, y) are the components of the vector
X*(x,y) = Q(x) @ (y) (69)

%,(x), and the component w,(x) of the vector €(x) are trial functions corresponding to the
mean displacement. The unknowns 4; and B; can be obtained solving the following systems

N
Y KP4, =FP (i=1,2,...,N) (70)
j=1

M*
Y SPB =GP (i=1,2,...,M% ' (71)
j=1

where following notations have been utilized

L]
K9=Jﬁ5mnmnw (72)

0

F = —j g(x)x:(x) dx— Q@ (L) (73)

0

L (L 1
S = j f mx:f‘xy(x, V)X Ee(x, y) dxdy (74)
L] 0 3
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L

G = J f q(X)q(y)x?‘(x,y)dxdy~j XHL, ¥)q(»)dyQ,

0 JO 0

L
- J e L)g(x) dxQ, + Qix XL, L) (75)

0

4.1. Applications
Let us again consider a clamped-free beam with stochastic flexibility given in eqn (21).
As trial functions the following functions are chosen :

1) =w(d)=¢ (76)

When the load is constant, fixing N and M at two we hit the exact mean displacement,
given in eqn (28). For the covariance function we get

C (&, n) = gif s L*[0.8024En —0.4349(E2n + En?) +0.2474E% %] an

Equation (77) turns out to be a good approximation of the exact solution given in eqn (26).
For a triangular load, using N = M = 2, we get

W(&) = qufo L*¢(0.5833—0.25¢) (78)

C,.(&,n) = qif5L4[0.2953En —0.1564(&E2n + En?) +0.0939&%72] (79

In this case the two term approximation for the mean displacement is very accurate. Yet,
the accuracy for the covariance function is insufficient. Therefore for its reliable estimation
three term approximation is needed. For M = 3 the approximate covariance function read

C, (5, 1) = g3 f2L*[0.3342¢n —0.31214(E2 4+ En?) +0.0959(E3 n + En)
+0.7067&%n* —0.3816(E°n* + E21°) +0.2343834%]  (80)

Comparison between exact variance functions and those obtained by eqn (77) and eqns
(79) and (80) is performed in Figs 6 and 7. As is seen the three term approximation turns
out to be a very good one. To make a comparison between the numerical results obtained,
when the load is constant, by the Galerkin and the Rayleigh-Ritz method, the exact
variance function and those obtained by eqn (53) and (77) are plotted in Fig. 8.

0.175 ==
Cwl(x,X) hd

0.125 27 b
0.1 g
0.075 .

0.025 ”

x/L

0.2 0.4 0.6 0.8 1

Fig. 6. Displacement variance for cantilever beam subjected to uniformly distributed load, nor-
malized by gaf3L* : (a) exact solution ; (b) Rayleigh-Ritz method.
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Fig. 7. Displacement variance for cantilever beam subjected to triangularly distributed load, nor-
malized by gif3L*: (a) exact solution; (b) Rayleigh-Ritz method, M = 2; (c) Rayleigh-Ritz

method, M = 3.
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Fig. 8. Displacement variance for cantilever beam subjected to uniformly distributed load, nor-
malized by g2 L% : (a) exact solution ; (b) Rayleigh-Ritz method ; (¢) Galerkin method.

5. CONCLUSION

The first and second order probabilistic characteristics of the deflection fields of
statically determinate shear beam with randomly varying shear stiffness subject to deter-
ministic loadings are analytically determined. For problems that appear to be presently
incapable of exact solution, the classical method of Galerkin has been suitably generalized
to deal with stochastic shear beams. Moreover, two novel variational principles and the
associated Rayleigh—Ritz method have been derived for determination of probabilistic
characteristics of the response. The proposed methods are valid for any value of variation
of the stochastic parameters.

The works generalizing present technique for both random flexibility and random
loading, as well the stochastic version of the finite element method are underway and will
be reported elsewhere.
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